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ABSTRACT. This paper studies second-order properties of the many instruments robust ¢-ratios
based on the limited information maximum likelihood and Fuller estimators for instrumental
variable regression models under the many instruments asymptotics, where the number of in-
struments may increase proportionally with the sample size n, and proposes second-order refine-
ments to the t-ratios to improve the size and power properties. Based on asymptotic expansions
of the null and non-null distributions of the ¢-ratios derived under the many instruments asymp-
totics, we show that the second order terms of those expansions may have non-trivial impacts
on the size as well as the power properties. Furthermore, we propose adjusted t-ratios whose
approximation errors for the null rejection probabilities are of order O(n™!) in contrast to the
ones for the unadjusted ¢-ratios of order O(n71/2), and show that these adjustments induce

some desirable power properties in terms of the local maximinity.

1. INTRODUCTION

Instrumental variable regression is one of the most widely used methods in empirical economic
analysis. Particularly in microeconometric applications, researchers often use many instrumental
variables to improve efficiency of estimators and associated inference methods (e.g., Angrist and
Krueger, 1991). However, in such cases, it has been found that approximate distributions of the
estimators and statistics based on the conventional asymptotic theory can be inaccurate. For
example, the two stage least squares (TSLS) estimator tends to have large bias. Although the
limited information maximum likelihood (LIML) estimator is less biased, its distribution is often
more dispersed than the limiting distribution based on the conventional asymptotics (see, e.g.,
Anderson, Kunitomo and Sawa, 1982, and Anderson, Kunitomo and Matsushita, 2010, 2011).

In order to give more accurate approximations under many instruments, Kunitomo (1980,
1982) and Morimune (1983) considered a limiting sequence where the number of instruments K
is allowed to increase proportionally with the sample size n (called the large- K asymptotics), and
derived the limiting distribution of the LIML estimator when the disturbances are normal and
there is one endogenous regressor in the regression model. Bekker (1994) derived multivariate
first-order approximations to the distributions of several estimators under the large-K asymp-
totics with the normal disturbances, while Hansen, Hausman and Newey (2008), van Hasselt
(2010), and Anderson, Kunitomo and Matsushita (2010) extended those results to non-normal
cases. Hansen, Hausman and Newey (2012) considered a more general model, where the reduced

form may be nonlinear and the disturbances may be heteroskedastic, and suggested to use the
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t-ratios for the LIML or Fuller (1977) estimators using the many instruments and heteroskedas-
ticity robust standard errors. It should be noted that existing works on the large- K asymptotics
mostly focus on the first-order asymptotic properties of the estimators and test statistics and
their higher-order properties are largely unexplored.!

This paper studies second-order properties of the ¢-ratios based on the LIML and Fuller esti-
mators for instrumental variable regression models under the large- K asymptotics, and proposes
higher-order refinements to the ¢-ratios to improve the size and power properties. To explore
the finite sample properties of the t-ratios with many instruments, asymptotic expansions of
the null and non-null distributions of the large-K robust t-ratios associated with the LIML and
Fuller estimators are derived under the large- K asymptotics. Moreover, to assess the effects of
variance estimation, we derive asymptotic expansions of the LIML and Fuller estimators under
the large- K asymptotics. Based on these asymptotic expansions, it is shown that the finite sam-
ple distributions of the large-K t-ratios can be quite different from those of the corresponding
standardized estimators although they have the same asymptotic normal distribution under the
large- K asymptotics. In fact, the absolute values of the second-order terms of the asymptotic
expansions of the standardized LIML and Fuller estimators and their large-K t-ratios are the
same but have opposite signs. Also the null distributions of the large-K t-ratios can be skewed
and largely deviated from the standard normal distribution. For two-sided testing, although
the second-order terms cancel out under the null distribution, we find that these second-order
terms may have non-trivial impacts on the power properties. Based on these expansions, we
propose adjusted t-ratios whose approximation errors for the null rejection probabilities are of
order O(n~1) in contrast to the ones for the unadjusted t-ratios of order O(n~'/2). Furthermore,
we show that these adjustments induce some desirable power properties in terms of the local
maximinity. Finally, these findings are illustrated by some simulation studies.

This paper also contributes to the literature of the asymptotic higher-order expansion ap-
proach, which has been developed extensively to investigate the finite sample properties of econo-
metric methods (see, e.g., Rothenberg, 1984, and Ullah, 2004, for an overview). For simultaneous
equation models, it has been used to give more accurate approximations to distributions of es-
timators and test statistics, or to compare their higher-order properties, see, Anderson (1974),
Sargan (1975), Phillips (1977), Rothenberg (1988), Fujikoshi et al. (1982), Morimune (1989), to
name a few. Our main contribution in this context is that, to the best of our knowledge, this is
the first paper which investigates higher-order properties of testing methods under the large- K
asymptotics.

The paper is organized as follows. In Section 2, we introduce our setup and estimators (Section
2.1) and define the the large- K robust t-ratios (Section 2.2). Section 3 presents our main results:
asymptotic expansions of the large- K t-ratios under the null hypothesis (Section 3.1), asymptotic

expansions under the local alternatives and adjusted ¢-ratios (Section 3.2), and a discussion for
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the case of heteroskedastic and non-elliptically contoured disturbances (Section 3.3). Section 4

illustrates our findings by some simulation results.

2. SETUP, ESTIMATORS AND TEST STATISTICS

2.1. Setup and estimators. We first introduce our basic setup and some estimators. Consider
a single structural equation

y1 = Yo+ Z1y + u, (1)

where y; is an n-vector of dependent variables, Y5 is an n X (G1 matrix of endogenous regressors,
Zq is an n X K1 matrix of exogenous regressors, u is an n-vector of error terms, and S and ~
are G and K dimensional vectors of unknown parameters, respectively. We assume that (1) is
the first equation in a simultaneous system of (71 4 1 linear stochastic equations relating GG; + 1
endogenous variables Y = (y1, Y2), and K + K3 exogenous variables Z = (Z1, Z3), where Z3 is
an n X Ko matrix of instrumental variables for (1). In this paper, we consider the case, where
Z is nonrandom (which may be viewed as conditioning on 7). Let K = K; + Ks. The reduced

form of Y is defined as

I

Y:ZH+V:ML%%: )+@M@, (2)

2

where II; = (m1,1112) and Iy = (w91, Il99) are K1 x (1 + G1) and K3 x (1 + G1) matrices,
respectively, of the reduced form coefficients, and (v1, V) is an n x (1+G1) matrix of disturbances.

We assume that the rows of V' are independently distributed, and each row of V' has mean 0

w11 W
and nonsingular covariance matrix Q = " 912 ) In order to relate (1) and (2), we
wor 22
postmultiply (2) by (1,—/4’)’. Then it can be written as u = v; — Vo3, v = w1 — 11283, and
mo1 = Il323. Assume that the matrix Ilso is of rank G1. The components of u are independently

distributed with mean 0 and variance o2

= wi1 — 2B wo1 + 'Q923. We mainly focus on the case
where the error term w is homoskedastic, and discuss heteroskedastic errors in Section 3.3.
Let Pr = F(F'F)"'F' and Mp = I — Pp for a full column rank matrix F. The k-class

estimator is defined as

(1)

This estimator covers (i) OLS (k = 0), (i) TSLS (k = 1), (iii) LIML (k = X), and (iv) Fuller
(1977) (k = A — a/(n — K) for some a > 0) as special cases, where A is the smallest root of

|< Z > Pz(Y, Z1) — X < Z > Mz(Y, Z1)

Under the conventional asymptotics, where the number of instruments K is fixed, both the

Y)Yy — kY MzYs YiZ )
Z1Y, AVA
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- ( Yzl(—r* kMz)y ) .

=0.

LIML and TSLS estimators are consistent and follow the same limiting normal distribution.
However, it has been known that the exact distributions of these estimators can be quite different
from the normal distribution. When K is large, the TSLS estimator can be severely biased
(see, e.g., Anderson, Kunitomo and Matsushita, 2010). On the other hand, the distribution



of the LIML estimator is more dispersed than the limiting distribution under the conventional
asymptotics. The Fuller estimator has moments of all orders, and is known to have good finite
sample properties in some situations (e.g., Hahn, Hausman and Kuersteiner, 2004, and Hansen,
Hausman and Newey, 2008).

Bekker (1994) pointed out that the large-K asymptotic theory, where K may grow propor-
tionally to n, may be suited better to applications, even when the number of instruments is not
large. Under the large-K asymptotics, the (first-order) asymptotic distributions of the LIML
and TSLS estimators are rather different. The LIML estimator is consistent and asymptotically
normal while the TSLS estimator loses consistency. Also the LIML estimator attains the asymp-
totic efficiency bound when the number of instruments is large (see, Kunitomo, 1982, Chioda
and Jansson, 2009, and Anderson, Kunitomo and Matsushita, 2010).

In constrast, this paper is concerned with higher-order properties of the t-ratios for testing
parameter hypotheses under the large-K asymptotics, which will be introduced in the next

subsection.

2.2. Many instruments robust t¢-statistics. Let ¢ be a (G1 + K7)-vector of zeros, apart from

its j-th element which is unity. We are interested in testing the null hypothesis

HO:L'</8):O,
Y

i.e., the j-th coefficient in (1) is zero, against the one-sided or two-sided alternative hypothesis.

Iy I
Let Dy = 2K Throughout the paper, we assume
1
—DLYZ'ZDy = Q + O(n™1) for some positive definite Q, (4)
n

and K = K, satisfies
% =c+O(n™ 1) for some c € [0,1). (5)

Note that the number of instruments K can grow at either the same rate (¢ > 0) as the sample
size or at slower rate (¢ = 0), where the latter includes the conventional fixed-K asymptotics as
a special case.

Under the sequence (5) and certain regularity conditions, the results in Anderson, Kunitomo
and Matsushita (2010) can be adapted to derive the limiting distributions of the LIML estimator
(81.;,4};) and Fuller estimator (B},4})" as

ﬁ(?“_ﬁ)imo,w*» ﬁ(?“ﬂ)imo,w*),
YLr — 7 TE =

where

Cc

o+ :0'2@71 + Qfl
1—c¢

0 0

0 2
( 20”0 ) — ngéa4] Q'+ Qfl[(53 +=5) + 7754]6271- (6)



For U*, we use the following notation

n

1 1 1 )
@ = p(wél — Q92,0 == nlgrolo Déﬁ lez<pzz — ¢)Elujwh,],
1=
1 . 1 < 2 - 2 / 2 /
n o= m nh—>H§o n Z;(Pu - ), B4 = Eujwaiwy;] — 07 Elwaiwy],
1=
where wo; = (vh,,0') — u;q2 and p;; = 2/(Z'Z)"'z;.. Compared to the conventional variance

formula 02Q ™!, there are two additional terms in ¥* due to the large-K asymptotics, which
vanish when the number of instruments grows at a slower rate (i.e., ¢ = 0).

The focus of this paper is to investigate higher-order properties of the t-tests for Hy under
the large-K asymptotics (5). To this end, we introduce an additional assumption, which greatly
simplifies our higher-order analysis in the following section. Let EC(€2) be the class of ellipti-
cally contoured distributions.? This class contains many important distributions including the

multivariate normal and ¢ distributions and the uniform distribution on the sphere. Hereafter,

we assume
the distribution of the rows of V' belongs to EC(). (7)
Under (7), the asymptotic variance U* simplifies to (see, Anderson, Kunitomo and Matsushita,
2010)
Q90?0
U = 0'2Q71 + <1ic + 7]“) Qil ( 2(2) 0 ) - QQQQOA] Qilv (8)

where k = (E[u}]/o* —3)/3. Note that ¥ is identical to Bekker’s (1994) variance when the error

terms are normally distributed. By taking the sample counterparts, a consistent estimator of ¥

is given by
U o= Q7!
K\ Ao [ mwYaMzYed? — oz YaMzY WY MzYs 0
(9
*(n_K”“)Q ( 0 At
where
. . ~ 1 Y4PYo — \Y{MzYs Y3Z
* = PY'MpYh, b= (L,-f), Q=-( T2Fr Atz hf)
n- n Z1Ys Z 7,
2 n 2 n
. n 1 K . 1] 11 LA oaa
"o <nK) n2<p‘n> | ﬂ=3{&4n;<yu—w—w —3}»

and (3,’?, A) = (BALI,’)/LI,S\) for the LIML estimator, or (BF,‘yF,S\ —a/(n — k)) for the Fuller
estimator.

Based on this variance estimator, the large-K t-ratio for testing Hy is given by

) : (10)

2If the characteristic function of a random vector X has the form of ¢( ., t'Qt) for some function ¢(-) and
positive definite €2, then we say that X is distributed according to an elliptically contoured distribution. See
Anderson (2003, Section 2.7).
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where \le is the j-th diagonal element of V. In the next section, we study higher order properties

of the t-test based on this statistic under the large- K asymptotics.

3. MAIN RESULTS

3.1. Asymptotic expansions under null hypothesis. Let tfg and tf; be the large-K t-
ratios defined in (10) based on the LIML and Fuller estimators, respectively. We first present
asymptotic expansions of the null distributions of these t-ratios under the large-K asymptotics
n (5). Let ®(-) and ¢(-) be the standard normal distribution and density functions, respectively,
and ¥; be the j-th diagonal element of W.

Theorem 1. Consider the setup of Section 2. Suppose that (4) and (7) hold true, and the rows
of V' have finite 8th moments. Then the asymptotic expansions of the null distributions of the

large-K t-ratios tf(f and tf( under the large—K asymptotics (5) are given by

P{t <1} = (1) -

\f\ﬁ 2 (V) o(1) + O(n™ 1),

xlf\ﬁ T+ ac o?'Q7!| g2o(r) + O(n7Y),

P{ti <7}

o(r) -
for each T € R, respectively.

This theorem says that (i) the approximation errors in rejection probability of both tests are
of order O(n~1/2), (ii) the approximation errors become larger as the degree of endogeneity
g2 = Elvu;]/o? increases, and (iii) the approximation error of ¢f is not always smaller than
that of tf(l . In particular, if the number of endogenous regressors is one (i.e., G; = 1), the

tfg unless go = 0. The

absolute value of the second term of tf} is always larger than that of
last point implies that improvement of the Fuller estimator over the LIML estimator does not
necessarily imply improvement of the size property of the t-test under the large- K asymptotics.

It should be noted that the finite sample distributions of the ¢-ratios and corresponding esti-
mators may be different due to estimation of the asymptotic variances in the denominators of
t-ratios. In fact, we can derive the asymptotic expansions of the distributions of the LIML and
Fuller estimators as follows. Let fr; and fr be the density functions of v/n((Brr—8), Arr—7)")

and /n((Br — B), (3F — 7)), respectively, and ¢y be the density function of N (0, ¥).

Theorem 2. Consider the setup of Section 2. Suppose that the assumptions in Theorem 1 hold
true. The asymptotic expansions of frr and fr under the large-K asymptotics (5) are given by

fuile) = ¢m<5>{1+1<qgs><al+Kl+1—5'wg>}+0<n—1>,

NG
(&) = du (5){1+\} [<q25><G1+K1+1—§\IJ§> qéalew]}wml),

for each € € REHEY respectively.

We note that the expansion for the LIML estimator is derived based on Fujikoshi et al. (1982),

but the expansion for the Fuller estimator is new in the literature. Based on Theorem 2, we can



see that under Hy,

(' Tg2)¢(7) +O(n™),

BrLi I 1 1 2

SR O R L
1 1

()= = e

for each 7 € R. Comparing with Theorem 1, we can see that the distributions of the LIML and
3

O(n™h),

200 + [ i CJQL/Q_l @o(T) +

Fuller estimators and large-K t-ratio are distorted in opposite directions.

3.2. Asymptotic expansions under local alternative hypothesis and adjusted t-ratios.
In order to investigate power properties of the large-K t-ratios, we now derive asymptotic ex-

pansions of their distributions under the local alternative hypothesis:

Hln:/<ﬁ>
Y

for some ¢ € RE1H5K1 Let P (1) =1—A{P(7) — (-7
distribution and density functions of N ( “L2y /'(, 1), respectively.

= =

7)}, where ®¢ and ¢ are the cumulative

Theorem 3. Consider the setup of Section 2. Suppose that the assumptions in Theorem 1 hold
true. Then asymptotic expansions of the power functions of the one-sided and two-sided large-K

t-tests under Hy, are given by
1—@dﬂ
1

<I>g< )

Pltg > 71} =

[(um){f—m/f b+ 2T q2}<z><<> O(n™),
P{ltg| > 1} =

[qu 2 = (C/T)%)

F
and a > 0 for t.

0.2
o #2170 e focl) - el

: _ LI
for each 7 € R, respectively. Here a =0 for t§’

This theorem says that the large-K t-tests are locally biased up to the order O(n -1/ 2) unless

the degree of endogeneity ga is zero because @%P{tl( > 7} = O0Mn1/?) and 2 scP{lts| = 7} =
O(n~'/2) unless ¢z = 0 (Rao, 1973, pp.454).

Based on the asymptotic expansions in Theorems 1 and 3, we propose a simple adjustment
to the t-ratio, which does not include the term of order O(n~'/2) in the expansion of the null

distribution:
1 1
Vﬁ/@j

3Bekker (1994) provided a skewed approximation for the distribution of the LIML estimator, not its ¢-ratio.
Because the directions of the skewness of the distributions of the LIML estimator and the ¢-ratio under the null
are opposite, Bekker’s skewed approximation might make the size property of the test even worse.

an o,

{(L’\ifcjg) min{t%,n°} + —0 qug} ,

adj
ty e =

(11)

N} +0mn™!



for some ¢ € (0,1/2). The trimming term, n°, has no impact on the second-order properties under
the null and local alternative hypotheses. This term is introduced to guarantee consistency of
the t-test based on t?gj under fixed alternatives. In our simulation study below, we set as ¢ = 0.1.

The asymptotic expansion of the null distribution of the adjusted statistic is obtained as

follows.

Theorem 4. Consider the setup of Section 2. Suppose that the assumptions in Theorem 1 hold
true. Then the asymptotic expansion of the null distribution of the adjusted t-ratio (11) under
the large-K asymptotics (5) is given by

Pty <7} =(r) +O(n™),
for each T € R.
This theorem says that (i) the approximation error in rejection probability of the one-sided
test using the adjusted ¢-ratio t?gj is of order O(n~!), which improves the (unadjusted) large- K
t-test whose error is O(n~'/2), and (ii) the two-sided test with the adjusted t-ratio have the

approximation error O(n~!), which is the same as that of the (unadjusted) large-K t-test.

Next we present the local power properties of the adjusted t¢-tests.

Theorem 5. Under the same assumption in Theorem 1, the asymptotic expansions of the power

functions of the one-sided and two-sided adjusted t-tests under Hy, are given by

1

1
v |

, 2
P{ti(dj >7} = 1-®(7)+ (/' Uqo) ( A ) be(T) + Oo(n™1),

V5

1

, 2
PUGAI 27} = @ () +—= (Vo) (C) {6c(r) = g (=)} +O(n7"),

VY
for each T € R, respectively.

Note that the adjusted t-tests do not dominate the unadjusted t-tests in terms of the second-
order power uniformly in (. However, the two-sided adjusted t¢-test has some desirable power
property with regard to the second-order local maximinity, i.e., it is more powerful on the basis of
the minimum power attainable for alternatives within a given distance from the null hypothesis
(see, e.g., Mukerjee, 1994). To be precise, let Pi(7,¢) and Pfdj(T, ¢) be the terms of order
O(n_l/ 2) in the local power functions of the two-sided tests in Theorems 3 and 5, respectively.

We obtain the following result.
Corollary 1. Under the same assumption in Theorem 1 and Hyy,, it holds

min podi 7,() > min Pi(7, (),
CeRCG1HE1:(,/¢)2=5 1 ( C)_CERG1+K12(L/C)2:6 1( C)

for each § > 0.
3.3. Discussion: Heteroskedastic and non-elliptically contoured distributions. This

paper should be considered as a starting point toward more general higher-order theory for

inference on instrumental variable regression models. In particular, it is interesting to extend



our analysis for the case of heteroskedastic and/or non-elliptically contoured error terms. It
should be noted that the LIML and Fuller estimators can be inconsistent with many instruments
and heteroskedasticity of unknown form (see, e.g., Hausman et al., 2012). Hausman et al.
(2012) proposed heteroskedasticity and many instrument robust versions of the LIML and Fuller

estimators, and t-tests based on their asymptotic variance estimators.

Let
pHLT _ ’f( Brri ) 7
U Hj YHLI
be the t-ratio for testing Hy based on the heteroskedasticity robust LIML (HLIM) estimator
(B}ILI,%{H)' and its variance estimator Uy defined in p. 217 and p. 215 of Hausman et al.
(2012), respectively. The higher-order analyses are very different and more complicated not only
for the HLIM estimator but also for the variance estimator. Thus, we leave such analysis for
future research. However, motivated by the adjustment term in (11), we consider the following

statistic in the simulation study in the next section

tHad] 75HLI

\F\/f (/' Ugy) min{t%, n°}.

Since the second term is asymptotically negligible in the first-order, the t-ratio tgadj is still

Hadj 4 unknown, we expect that

asymptotically valid. Although the second-order properties of ¢
the above adjustment term might improve the finite sample performances of the t-test as far as

the effects of heteroskedasticity and non-elliptically contoured errors are mild.

4. SIMULATION

In this section, we conduct a simulation study to examine quality of the preceding asymptotic
approximations to the finite sample distributions of the t-ratios. We consider the data generating
process (DGP):

yii = Y2iPo + 217 + wi,
Yoi = 2w+ va;, (12)
fori=1,...,n, where 7 = (d,...,d), zi = (214, 25;), z1: = 1, and z9; ~ N(0,Ix_1). The error

terms are generated as (u;, vo;) = (€14, pe1; + /1 — p?e;), where €1; and eg; are independent and
drawn from N(0,1).% We set By = 70 = 0, p = 0.2,0.4, and n = 100 for the sample size in all
cases. For each Monte Carlo replication, we set the value of d to fix the value of the concentration

parameter (given the realized values of {z;})

) [Z?:1 29i%y; — iy 22121 (Diey Zliziz‘)_l > i Zlizéz‘] T2
Var(vy) ’

5% =

Null distributions of t-ratios for By. First, we investigate the null distributions of the five types
of t-ratios — the standard t-ratio with the LIML estimator (t*/ = \/ni/Br1/1/62(Q~1);), the

4In our preliminary simulation, we also consider the t5 distribution as another example of the elliptically contoured
distribution, but the results are similar to the normal case.



large-K t-ratio with the LIML estimator (t&f), the large-K t-ratio with the Fuller estimator
(t£), the adjusted large-K t-ratio with the LIML estimator (t%lj’u), and the adjusted large-K
t-ratio with Fuller estimator (t?gj ’F). For the adjusted statistics, we set as € = 0.1. The number
of Monte Carlo repetitions in each experiment is 10,000.

Tables 1 and 2 report the null rejection frequencies of the one-sided and two-sided tests at the

nominal 5% significance level, respectively. Our findings are summarized as follows.

i): The size distortions of the standard t-ratio (t/!) tend to be large when 62 is small and
K is large. As K increases, the tails of /! become thicker and its rejection frequencies
tend to be larger than the nominal level.

ii): Compared to t/!| the rejection frequencies of the large-K t-ratios (ti and t£) are
smaller and avoid over-rejection. Although tfg and tf( work well for two-sided testing,
they show some asymmetric behaviors for one-sided testing. More precisely, t% and tf(
(sometimes severely) under-reject for one-sided testing against Hy : § < 0. Overall tfg
and tf; show similar performances, but tfg is slightly better than tf( for testing against
Hy:5<0.

ifi): Compared to t*! and the (unadjusted) large-K t-ratios (t&! and L), the proposed
adjusted t-ratios (t}l{dj’u and t}lgj’F) work well for all cases. Their rejection frequencies

are overall close to the nominal level, and do not show undesirable asymmetries for one-

sided testing as in the unadjusted test statistics t% and tﬁ. The performances of t%lj LT
and t}lgj " are similar.
Overall, the adjusted ratios, t?gj’m and t%lj’F, perform well for all cases. In particular, the

adjustments improve the size distortions for one-sided testing because the null distributions of
the adjusted t¢-ratios are less skewed and closer to the standard normal distribution, which agrees

with our results of the asymptotic expansions in Section 2.

Power comparison. Next, we conduct power comparisons of the two-sided unadjusted and ad-
justed large-K t-tests. We generate 2,000 datasets from the DGP in (12) for various values
of B and report power curves at 5% significance level. Figures 1-2 display the power curves.
Among various cases tried in preliminary simulations, we present the cases of 52 = 16 as typical
examples. From these figures, we can see that: (i) for negative values of 3, the adjusted large- K
t-tests (t%dj’m and t?gj’F) are more powerful than the (unadjusted) large-K t-tests, and (ii) for

positive values of 3, all tests show similar power properties.

Heteroskedastic errors. Finally, we study finite sample performances of the heteroskedastic ver-
sions of the large-K t-ratios discussed in Section 3.3. In particular, we consider heteroskedastic
error terms with ufl = (1+ 0.0lzgf)ui, where 23, is the first element of z9;, and report only
for the case of p = 0.4 for brevity in Tables 3 and 4. We can see that the null distributions
of the adjusted t-ratios reduce the skewness (asymmetries in the rejection frequencies for the
positive and negative alternatives) and are closer to the standard normal distribution. Also our
preliminary simulation suggests that the power curves are similar to the case of homoskedastic

€rrors.
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APPENDIX A. PROOFS
A.1l. Proof of Theorem 2. Let
. { Vi(Ber = BY. G = 7)) if A=A
Vi((Br=B),(Gr —7)") it A=A-a/(n—-K).
By the definitions of the LIML and Fuller estimators in (3), we have

1
(Y, Zl)’(PZ — AMy)(Ys, Z1)é = /n(Y, Zl)’(PZ —AMHY, Z) | -8B |- (13)
-
Using the definition,
II I
D = (D1, Dy) = 1 ’ 12 1k, ’
m21 Il O
it can be written as
(Y, Zl)’(PZ — AMZ)(Y, Z1)
= {ZD+ (V,0)}/(Pz — AMz){ZD + (V,0)}
= D'Z'ZD + D’Z’(V, 0) + (V,0)ZD + (V,0)(Pz — AMz)(V,0). (14)

Also we note that VK (V'PzV/K — Q) = Oy(1), and vn — K(V'MzV/(n — K) — Q) = O,(1).
By substituting (14) into (13) and putting

1
S (0 BN € -1
é e +\/ﬁe +Op(n~ "),
A= A<0>+LA<1>+0,,(n*1),
n

we can determine successively (e, M) and (A A(M) as

O = o A f Py — V" M

’ =) T n—K ’

] 1 ﬁ Ve
0 - Y = DlZu+ Y_WLP N WM 15
€ Q |:\/ﬁ 2 u+\/§ o ZU — m oMzU , ( )

W = ! H;EDQZ’(VQ,OHX/\/;WQPZ(VQ, 0) - V%WWZ% >} ©

Qon 0
-l-\/lﬁWéZDQe(O) —(1—=c)AW { ( 022 ) — @2dho }

+VT—eAd ﬁWQMzu] +a(l+e)o’Q gz,

where Wy = (V2,0) — udh, g2 = U—lg(wél — B'Q92,0"Y, and ¢, = ¢/(1 — ¢). Each A is obtained
by premultiplying (1, —3’, —7') to (13). Each e() is obtained by using the last G; + K rows of
(13).

It should be noted that Ws and w are uncorrelated when the rows of V' are independently

distributed. Moreover, we notice that E[wo;wh;wau;] = 0 and Efwg;w),wau ] = 0 when Wy

11



and u follow some elliptically contoured distribution. Using these facts, the Cornish-Fisher

expansions of %DIQZ/U, \/%WQ’PZU, and \/ﬁWéMZu may be written as

1 1

\/ﬁD’QZ’u = X +0,(nh, \/I?WQ’PZu:erOp(n—l),
1 _
T WiMzu = Z+0,(n7"),

where X', ), and Z are some normally distributed random vectors. Thus, é can be written as

[Q 5

1
= _— (1) -1
E+ \/ﬁe +Op(n™7), (16)

where £ = Q71X + \/cY + /e, 2).
We derive an asymptotic expansion of the distribution of é by inverting the characteristic

function of é up to order n=1/2:

Elexp(is'€)] + \}HE[is'E[e(l)]é’] expl(is’€)] + O(nY), (17)

where s is a (G1 + K1) x 1 vector of real variables and i = v/—1. The conditional expectation of

e(M) given the first order term & can be written as
EleW|€] = —{E€" — a(1 + c.)Q Lo} qa + Op(n~Y2).

Therefore, the probability P(é < &) is approximated to the order n=1/2 by the Fourier inversion
of the characteristic function (17). The inversion of the first term is g (£). We also use the next
Fourier inversion formula, which is a generalization of Fujikoshi et al. (1982): for &€ ~ N(u, %)

and any polynomials h(-) and g(-),

F U [h(—is) Elg(€) exp(is'€)le—c = h ( ;5) 965 () a8)

where ¢, x(§) is the density function of N(x,X) and 9/9¢" = (0/01,--- ,0/0¢q, +K,). The

conclusion follows by applying this formula.

A.2. Proof of Theorem 1. To derive the asymptotic expansion of the null distribution of the

large-K t-ratio, we first expand each term of ¥ in (9). Let £y and Ej such that

1 Q0 1
—(V,0)P4(V,0) = v B,
g0 F2(V.0) (0 0) VE
1 Q0 1
V,0Y Mz (V,0) = b B,
no g O Mz(V,0) (0 0) Vn-K °

Using (14) and a (1 + G1 + K1) x (G1 + K1) choice matrix Jo = (0, Ig, +k,)’, we have

. 11, 1 (V4
Q = Q+\/ﬁ[\/ﬁDQZ(V2,0)+ﬁ< y >2D2

Qo 0
Ty Er Ty + \Jeer o By Jy — AW ( 022 . ) +0,(n7h),

12



and thus Q! is expanded as

R 1
Q' '=Q'——=Q 'BQ '+ 0,(n™"),
vn
where
L 1 / / / (1) Qa2 O
B = %DQZ (%,0)-}-%(‘/2,0) ZD2+\/EJ2E1J2+\/CC*J2E2J2—)\ 0 0 .
Also, note that
1 KE’Y’MZYB
n —

_ {b-\%( 2))>+0,,(n—1)}
s
X{Q—i—l[ n—K( 1 V’MZV—Q> }{b—1< 8))>+Op(n_1)}
Vn l—c \n—K Vn €

1 n—K 1
= 024+ — =200, + / Y VMV —Q)b
’ +\/ﬁ[ (0,57)0b + 1-c n—K d

where b = (1,—4")" and e/(go) is the first G elements of (%) in (15). Similarly,

+ Op(n_l)7

C _1 )2 Y'MyYbb'Y' MyY
1 n—K 1
— QW+ — |—Qb(0, D)0 QbY "MV —Q
bb +\/ﬁ b(0,e5"")Q + T (VMY
0 n—K 1
) vQ V'MzV — Q) bV'Q| 4+ 0,(nt).
<6<ﬁo>> VT <n—K z > FOp(n)

Combining these terms, we have

. 1
=04+ —gl® -1
+ \/ﬁ + Op(” )7

13



l1—¢c \n—

v — Q! [_26(0)/q202+ n—K( 1KU/MZU_02>]

2
—Q7'BQ 0% + (e + k)QTTAQT! — (ex + #n)Q T BQT K 72 0 ) - qzq’204] Q™

0 0
0‘2922 0 ) 4 1 1 * 1 02922 0 ! 4 -1
0 o | 2% Q " BQ " +rQ —q2qy0 | Q7
_72 W e® — ézn:uszfp £(0)
21 n — (et}

0 0
1 B B 2E[u}] |n—K r 5
— E = Elug] | — t Mzu —
\/ﬁ<n1“ W) o2 Vi—ec\n_kg"72"7 )
Q22 0 n—K oy 0 1
A = -9 (0)/ 2 / 2
( 0 O)e q20” + 1—oc 0 0 n_KuMZu o

1 / 2 2 (0) Qy2 0
E.
+4/ 1—cJ2 2J20” + qao’e 0 0

- K 1 Q 0
g n ( o My (V. 0) —q§02> o2 4 ( 22 )e(())qé02

—(cx + Q"

K :7

l1—-c \n—K

1—c \n—

- K 1
r < K(Vg, 0)Mzu — q202> gho?.
Under Hy, the large-K t-ratio ( 10) is approximated as

o Le® + Op(n- ))(1 1q,(1>
= e N

= T+7t + Op(n71h), (19)

where )
Ve o ve® 1w

= AL S
VY VY, 2
The first-order term T is distributed as N(0,1). We derive an asymptotic expansion of the dis-

tribution function of the large-K t-ratio by inverting the characteristic function up to O(nfl/ 2.

Elexp(isT)] + \}ﬁE[isE[t(l) T explisT)] + O(n~).

By using Kunitomo and Matsushita (2009, Lemma 4.3) and the fact that any odd moments of

the elliptically contoured distribution is 0, the expectation of tW) conditional on T is calculated

14



as

BT = - [T - (ot e -

V5

_ 1 |:7—2 /\If+ a U2L/Q :| 2+Op(n_1/2),

V \IJJ
where the first equality follows from Lemma 1. The probability P{tx < £} is approximated to
—-1/2

the order n using the same formula as (18).

The validity of the expansion is given by similar arguments to those in Kunitomo and Mat-
sushita (2009) and in Fujikoshi et al. (1982). The random variables that appear in our analyses
are r, = ﬁDéZ’u, Ty = ﬁDéZ’WQ, 13 = VKW Pzu/K — 0%, x4 = vV/n — K(u'Mzgu/(n —
K) — 0%, z5 = T%WZ;PZu, Tg = ﬁWéMzu, r7 = VK(WyP;Wa/K — Cy), and zg =
Vn— K(WiMzWs/(n — K) — C3), where Cy = E[wy;w),]. We use the space J, where each
element of z; (for i = 1,...,8) is in the interval (—2cy/logn, 2¢cy/logn) and c is a standard devi-
ation of each random variable. Then, if E[||v;||%] < oo, we can take a positive constant d which

satisfies
P{||z;|| > v/Anlogn} <

where A;, as the maximum of the characteristic roots of the covariance matrix of z; (j =1,...,8)
(Bhattacharya and Ghosh, 1978). Then, P(J,,) = 1 — O(n~!), which can be proved in the same

way as in Anderson (1974). We see that each element of e() and t) is a homogeneous polynomial

log n(logn)?’

of degree [ 4+ 1 in the elements of z;. The remainder terms of (16) and (19) are of the order
O(n~1') uniformly in J,,. Therefore, the analysis subsequent to (B.3) in Fujikoshi et al. (1982)
is applicable.

Lemma 1. Based on the setup and notation of the proof of Theorem 1, it holds E[\Ilgl)\T] =

—4y/ T (g3 W)

Proof of Lemma 1. Decompose

\I]y) _ {Q—l !—26(0)/(]20'2 44/ K ( ! u’MZu—02>

—14-1
T\ R + (e + 5n)Q7AQ

02Q9 0 ;4
— o
0 0 q292

_ 02099 0 _ _ . 02099 0 _
— (s + K1)Q 1[( 0 o — @2gho | QTTBQT + K Q! 0 o —@aghot | Q7 b

~Q7'BQ 0% — (e +#n)QTIBQT! Q!

= v+ wl) ol ol 4wl wld)

For \I/( )

j6 » We have E[ |7'] = 0. For \Ifgl),

202 202

g QB )T = - T QT )T (20)

B3 |T] = -

15



For \I/%), note that

2Q 0 n — QQQ 0 1
'0-140-Y, = JO-!|_9f 72 0y K "Moo — o2
LQ Qe LQ 0 0 e qa + e 0 0 —guMzu—o

1 ’ 2 (0), 02922 0
+4/ T—% CJ2E2J2U + g2e 0 0

- K 1 0?9y 0
—goy )" (n —et/ Mz (V2,0) q;(ﬂ) o + ( 22 ) RO

1—c 0 0
n—K 1 _
= (n_K(VQ,O)’Mzu—q202> 0o’ | Q7
= Aj1+---+Aj7.
Observe that E[Ajg + Ajg + Aj5 + Aﬂ‘ﬂ =0, and
2 O'QQQQ 0
ElA; = — JQ71 ) (ue)T,
(AT ﬁj<@ ( 0 O)Q @S
2 0'2922 0
E[Aj, + A, = 'Qt
et - 2 (7 2o

Combining these results,

2
ERWIT] = —(c* +nn)— (u@—1<”9” O)Q—%) (Wgy)T

o?2Q)
+(c* + kn) T (L'Q_l ( 022 3 ) \IIL) Qo) T. (21)
j

For \1153) + \If§ 4) + \1155), we have

1 1 1
B +o') + w7
= E[/Q'BQ 'w?-2/Q ' BW.|T]

2 2
— "y 'r—1.2N\ _ av] I\
\/lIl»j(L L)(QZQ o L) \/E(L L)(q2 L)
2 1 y— * o*() 0 / ! —
_\/@<LQ M@+ (e +m7){< 022 0)—04612612} ‘I’L) (Q™" %)
2 2y 0
— _(C*+’{n)\/\ljfj<L,Q—1<O’022 O) )(Q O‘q2)
2 /
+(C +/ﬂ7)\/\p>j(QZQ ! 2 ) (QQ\IIL)T7 (22)
! Qo2 0 2.
where we have used the fact that E[wgwd,] = 0 o) o q2dh.

Combining (20)-(22), the conclusion follows.
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A.3. Proof of Theorem 3. Under Hiy,, the large-K t-ratio can be written as

_ 1L,n5’ BB e
el

Y= \j/j
V¢ 1 /C -1
T+ +— [tV - : 23
( @) N ( v R (23)
where T in the first-order term is distributed as N (0, 1). Since the expectation of \Ilg-l) conditional
on 7 is calculated as E[\Il(l)\'T] = —4,/T;(('Uq2)T + Op(n~'/?) by Lemma 1, we have

'C

=T+ —

]
/¢

2
_ ﬁ[fr /@+%02u@ ]@_ﬁ(um)<\@.> FOm. (21)
J J !

Then the probability P{tx < 7} is approximated to the order O(n~'/?) using the inversion

/
g2l C

formula (18):

P{tK<T}

2
= Pc(1) — \/15 \/1\1’7] {Tz(L/‘lf) + 1iCUQQ_l} g2 — \/%(L/WQQ) (\}\%) oc(T) + O(n™).

The result for the two-sided test is obtained by P{|tx| < 7} = P{tx <7} — P{tx < —7}.

A.4. Proof of Theorems 4 and 5. We only present the proof for Theorem 5 since the proof
of Theorem 4 for the null distribution follows directly by setting ¢ = 0.
By using (23), the adjusted t-ratio under Hj,, can be written as

; 1 1 an ~
adj 2 1A—1x -1
ty = tk——F= {(L\Ilqg)tK—l— o' Q QQ}+Op(n )
- — K
Vvn ¥,

(1) s
I S S D N PC R A
JI ) XINGT

1 1

48 1 1 a  2/~-1 -1
\/ﬁ\/\IT](L\I/qg)<T+\/\ITJ) %\/\Ile—ca VQ g2 + Op(n™ ),

where the first equality follows from I{t3, > n°} = O,(n~') (because of the fact that 3 converges

to a non-central y? distribution under H 1n) Thus, using (24) with a = 0, the expectation of the
O(n~Y?) term conditional on T, = T +
) "

(1) 2

\Sag2E 1 e 1 a

E|[tM- > - (V' Wg) <T+ ) - o2/ Q | T
( 2\11]‘\/\1/]‘ \/\I/j w/\I/j \/\I/jl—C

2
- e () o

is calculated as
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—-1/2

The probability P{t?gj < 7} is approximated to the order n using the inversion formula (18):

; 1 1
P{te9 < = - — | =

, 2
(/' Wqo) (\;\%) oc(T) + o(n™Y).

The result for the two-sided test is obtained by P{|t§?j| <7}= P{t}l(dj <7}-— P{t}lgj < —7}.
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APPENDIX B. TABLES AND FIGURES

52

tL]

LI
tK

F
75K

B8<0

6>0

tK
g <0

adj, LT

6>0

ad), F
tK

B <0

B >0

0.4

64
64
64

32
32
32

16
16
16

64
64
64

32
32
32

16
16
16

K <0 >0 <0 >0
)

0.052
10 0.056
20 0.072

5 0.045
10 0.057
20 0.077

5 0.032
10 0.042
20 0.069

5 0.044
10 0.048
20 0.060

5 0.036
10 0.045
20 0.054

5 0.017
10 0.022
20 0.038

0.056
0.062
0.083

0.061
0.078
0.107

0.066
0.088
0.133

0.061
0.067
0.084

0.069
0.078
0.011

0.078
0.107
0.145

0.045
0.043
0.038

0.033
0.032
0.027

0.017
0.015
0.013

0.039
0.034
0.034

0.026
0.024
0.018

0.009
0.008
0.006

0.050
0.048
0.052

0.048
0.052
0.048

0.046
0.042
0.044

0.055
0.056
0.056

0.058
0.056
0.062

0.057
0.062
0.061

0.040
0.038
0.033

0.027
0.025
0.021

0.012
0.010
0.010

0.031
0.029
0.026

0.020
0.017
0.012

0.005
0.004
0.004

0.050
0.048
0.051

0.046
0.050
0.047

0.040
0.038
0.039

0.057
0.058
0.058

0.060
0.057
0.061

0.057
0.061
0.058

0.057
0.054
0.054

0.055
0.056
0.058

0.057
0.057
0.058

0.056
0.052
0.053

0.058
0.060
0.053

0.059
0.056
0.052

0.050
0.049
0.054

0.053
0.058
0.060

0.060
0.068
0.078

0.051
0.053
0.053

0.053
0.053
0.063

0.059
0.071
0.079

0.058
0.055
0.056

0.057
0.057
0.060

0.057
0.055
0.057

0.057
0.055
0.056

0.060
0.062
0.055

0.061
0.055
0.051

0.050
0.049
0.054

0.053
0.058
0.060

0.059
0.066
0.077

0.051
0.053
0.052

0.054
0.054
0.062

0.060
0.071
0.076

TABLE 1. Null rejection frequencies of one-sided large- K t-tests at 5% significance
level (homoskedastic case)
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p 8 K Ml gl
02 64 5 0.053 0.045 0.045 0.052 0.053
64 10 0.063 0.045 0.044 0.053 0.053

64 20 0.082 0.039 0.038 0.050 0.051

32 5 0.0563 0.038 0.037 0.054 0.055
32 10 0.070 0.035 0.033 0.057 0.059
32 20 0.105 0.033 0.032 0.058 0.061

16 5 0.044 0.026 0.024 0.055 0.059
16 10 0.061 0.024 0.022 0.058 0.059
16 20 0.108 0.022 0.020 0.068 0.068

04 64 5 0.051 0.044 0.045 0.050 0.050
64 10 0.059 0.044 0.044 0.051 0.053
64 20 0.079 0.041 0.042 0.050 0.053

32 5 0.050 0.036 0.036 0.051 0.054
32 10 0.065 0.037 0.037 0.054 0.058
32 20 0.096 0.038 0.038 0.0568 0.062

16 5 0.047 0.034 0.033 0.058 0.063
16 10 0.072 0.035 0.034 0.064 0.067
16 20 0.110 0.035 0.033 0.067 0.068

TABLE 2. Null rejection frequencies of two-sided large- K t-tests at 5% significance
level (homoskedastic case)
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FIGURE 1. Power curves of two-sided tests: n = 100, K = 20,p = 0.2,6% = 16

(homoskedastic case)
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FIGURE 2. Power curves of two-sided tests: n = 100, K

(homoskedastic case)
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tHLI tHF t(ldj,HL[ tadj,HF
K K K K
p 6 K B<0 B>0 B<0 >0 B<0 B>0 B<0 B>0
04 64 5 0.039 0.059 0.032 0.062 0.0564 0.054 0.055 0.054
64 10 0.030 0.062 0.023 0.065 0.050 0.058 0.052 0.058

64 20 0.018 0.062 0.013 0.065 0.036 0.058 0.037 0.059

32 5 0.019 0.062 0.013 0.065 0.050 0.059 0.051 0.059
32 10 0.009 0.061 0.007 0.064 0.034 0.059 0.035 0.060
32 20 0.003 0.069 0.002 0.071 0.018 0.069 0.018 0.069

16 5 0.004 0.060 0.003 0.062 0.028 0.064 0.027 0.064
16 10 0.003 0.063 0.001 0.062 0.017 0.070 0.017 0.070
16 20 0.000 0.066 0.000 0.065 0.005 0.081 0.005 0.081

TABLE 3. Null rejection frequencies of one-sided large- K t-tests at 5% significance
level (heteroskedastic case)

dj,HLT dj,HF
p 8 K iElE 40l tx
04 64 5 0048 0.051 0.054  0.055

64 10 0.044 0.050 0.050  0.052
64 20 0.040 0.048 0.044  0.045

32 5 0.041 0.045 0.053  0.055
32 10 0.038 0.043 0.045  0.047
32 20 0.043 0.047 0.046  0.047

16 5 0.034 0.035 0.045  0.047
16 10 0.036 0.036 0.044  0.045
16 20 0.040 0.039 0.050  0.051

TABLE 4. Null rejection frequencies of two-sided large- K t-tests at 5% significance
level (heteroskedastic case)
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